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A bstract : The superconducting order parameter due to conduction electrons and the sub-lattice staggered field pararncler due to the 
weakly delocalized /-electrons are calculated by Zubarev type Green function method for the heavy fermion magnetic superconductors. We 
solved the self-consistcnl mean field equations for the supeiconducting gap and the staggered field. The mutual influence on each other is 
studied by varying model parameters of the sy.stcms : the superconducting coupling (gi), antiferromagnetic coupling (g^), the hybridization 
(v) for vanous temperature ranges The results show a strong correlation between them through the suppression and enhancement of the 
order parameters and transition temperatures as well as a few anomalous results This model can explain the strong coupling between 
magnetism and superconductivity in the UM2AIJ and similar U-based systems.
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1. Introduction
The field o f heavy fermion superconductivity (HFSC) is 
still the subject o f much research activity [1]. We discuss 
below some properties of the two most recent examples, 
UM2AI3 (M - Ni ; Pd) [2,3J where there exists the 
homogeneous coexistence between HF superconductivity 
and local moment magnetic (LMM) order with surprisingly 
large values of both 7). and //j. The U-based HFSC typically 
show the microscopic coexistence o f antiferromagnetism 
(AFM) and superconductivity at f  < < Tf^ . Both their
SC and AFM states exhibit exotic properties. Here, we 
wish to mention only the discoveries of extremely small 
staggered moments Hs = 0.02 and 0.04 along with 
large commensurate ordering wave vectors for UPtj [4] and 
URu2Siz [5] respectively. The homologs UM2AI3 ( M = Ni, 
Pd) crystallize in hexagonal structure. The unit cell volume 
of UNijAb is smaller by 4% than that of its Pd counterpart. 
Consequently, the 5/-ligand hybridization is larger in the 
former. Both compounds exhibit the typical signature o f a 
Kondo lattice. The heavy fermion systems are characterized 
by a characteristic temperature 7^(called "Kondo lattice
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temperature") above which the system shows localized 
character and below which the system exhibits Fermi liquid 
behaviour. The T* for the Ni and Pd systems are r  75 K 
and ~ 40 K respectively. The hexagonal HFSC UNi2Ab (y  
~\20 mJ/K^-mole. T, ~1K orders antiferromagnetically below 
Tn ~ 4.5 K [2]. The HFSC UPdiAb 140 mJ/K^-molc) 
orders antiferromagnetically with N6el temperature Tv ~
14.5 K [3] and the staggered magnetic moment jUs 0.85^a
[6]. The saturated moments are larger than that for UPt3 
and URu2Si2 by one to two orders of magnitude. In 
particular, ju, = 0:85 .^« is as large as that for ordinary U- 
based magnets. It is most remarkable that such a large 
coexists with HFSC below a T^ . Surprisingly large ordered 
moments o f fds are ferromagnetically aligned within the 
basal planes and antiferromagnetically aligned along the 
perpendicular directions [6]. Not only AFM but also 
superconductivity sets at a much higher temperature than 
Ni-system (T  ^ = 2 K)
2. Superconducting gap
Very recently Metaki et a l  have observed a magnetic
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excitation gap associated with superconductivity in UPd2Al3 
[7,8] in their neutron scattering experiment. The temperature 
dependence o f the gap is comparable to the one of the 
superconducting energy gap expected from the weak 
coupling BCS theory. This energy gap corresponds to 
2A{0) -  2.2 hgTc. It is in same order compared with the 
weak coupling BCS theory 2^(0) = 3.52 ksTc. A clear 
superconducting gap at 2zl(0) = 3.8 hgTc has been observed 
in a study o f tunneling spectroscopy of UPd2Al3 thin film
[9]. They also observed that the temperature dependence 
of this gap, which is obviously a charge gap, is very 
similar to the one of magnetic excitation gap. The NMR 
and Knight shift study [10] concludes that ^/-wave pairing 
is realized in UPd2Al3 characterized by a line node of 
energy gap 2J(0) = 5.5 which is higher than the value 
2.4(0) = 2.2 kuTc [8] and the tunneling spectroscopy (2A(0) 
= 3.8 A:a^c)-They conclude saying that it may be due to 
the anisotropic gap. Recently Rout et a l have considered 
a weak coupling BCS type pairing in the Periodic Anderson 
model to explain the superconducting gap anisotropy [11] 
and Raman spectra [12] in the non-magnetic heavy fermion 
superconductor.
3. Theoretical model
Any theoretical model which attempts to explain the ob­
served anomaly in the UM2AI3 (A/ ~ Ni, Pd) must take into 
account the simultaneous occurrence of the antiferromag­
netic heavy fermion superconducting long range orders. 
The evidence for the origin o f antiferromagnetism (AFM) 
point towards the more localized 5/-states, while the HF 
superconductivity in the system is due to less localized 
same 5/*electrons. In case when the AFM is due to the 
same itinerant 5/-eIectoms which are responsible for super­
conductivity, the former is more likely to be of the form of 
a spin density wave (SDW) arising form a Fermi surface 
instability [13]. However, it can be visualized that 5/- 
localized electrons can acquire some itinerant character 
being hybridized with the conduction electrons of the 
system. Then superconductivity in these systems can be 
thought of BCS type phonon mediated weak Cooper pair­
ing in the conduction electrons which exhibits anisotropic 
rf-wave type superconductivity [11,12,14,]. In the model 
presented below, however, the AFM is attributed to a 
staggered sub-lattice magnetization arising from the Sf- 
delocalized electrons which coexists with superconducti­
vity arising from the conduction electrons. The aim of the 
present calculation is to assume a simple model in order 
to investigate the effect o f the SC and the AFM coupling 
constants on the coexistence o f AFM and SC in the
system. The Hamiltonian o f the system is described by
JK = + S ( j+  + + (1)
The uranium(U) site is divided into two sub-lattices 1 and 
2 with corresponding creation operators and cl^^  
respectively of the conduction electrons. The hopping of 
the conduction electrons between the nearest neighbour 
sites of the two sub-lattices is described by
C2J.a+f>-C-) ■ (2)
The Fourier transformed form of Me is
> (3)
k,a
where and are the creation operators of elec­
trons belonging to the two sub-lattices 1 and 2 respec­
tively with momentum k  and spin a. The despersion of the 
charge carriers is €k which is the Fourier transform of the 
nearest neighbour hopping matrix element Similarly the 
Hamiltonian M f describes the intra /-electrons in the loca­
lized levels corresponding to the flat band,
(4)
k , a
where ^ the creation (annihilation) operators
of the localized electrons in the sub-lattice i (s  1,2) and €f 
is the dispersionless and the renormalized energy of the 
localized levels. For simplicity of the claculation the 
renormalized is assumed to lie exactly on the Fermi 
level Ep = 0. The intersite /-electron hopping in real space 
is described by the Hamiltonian M j  as
M \
i.k,a
f l j , a  + (5)
where and f l j  t, are the creation operators o f the /-  
electrons at two different sub-lattices 1 and 2 respectively 
with spin a . The Ctj is the nearest neighbour /«lectron  
hopping matrix element. The Fourier transformed /Electron 
hopping Hamiltonian is given by
A.cr
(6)
where £ q(^) gives the narrow dispersion o f the /electron  
band. The sub-lattice magnetization due to the /Electron 
lattice arise from the Heisenberg exchange interactiem be­
tween the magnetic moments at neighbouring sites. Within
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the mean field approximation the Hamiltonian .‘Hi, for the 
staggered sub-lattice magnetization can be written as
=( A/ 2)X (/l!* .a  / u , a  - f l k .a  Alc.a) • (7)
where h is the strength of the sub-lattice magnetization 
which stimulates AFM correlation of the /^electrons. The 
Hamiltonian describing the hybridization is given by
/l.t.ff fl,k,a > (8)
k,a
where the strength of hybridization (10 is wave vector and; 
spin independent. It should be noted that only the on-site j 
hybridization is induced i.e. the localized electron belong­
ing to the sub-lattice 1 hybridizes with the conduction 
electrons o f that sub-lattice alone, and so on. The strong 
onsite Coulomb correlation in these systems which mainly 
accounts for its heavy fermion behaviour is given by
‘J
(9)
where V f  is the Coulomb correlation energy of the /-  
electrons at sub-lattices 1 and 2. The heavy fermion 
superconductors UM2AI3 (M = Pd, Ni) are unconventional 
anisotropic superconductors, probably d-wavc. In addi­
tion, there is some evidence that the superconductivity is 
mediated by antiferromagnetic spin-fluctuations [15]. How­
ever, we consider the mean field BCS Hamiltonian describ­
ing phonon mediated superconductivity is given by
where
4 : c lr c j > + < c
.. ,.t
2kt 2-*i > ).
(10)
(11)
4. Calculation of electron Green's functions
We calculate the one electron Green functions using the 
Hamiltonian M  given in eq. (1) for the superconducting 
state of the HF system. The double time electron Green 
functions of Zubarev type [16] are calculated by equations 
of motion method. The Green functions Ai{k,o)\
E,(k,0) \  Fi{k,(i)\ Gi(k,w\ and H,{k,£o), (with / = 1- 8) are the 
coupled set which arc involved in the calculation. Finally 
the SC gap and magnetic order parameters are calculated 
by using the Green's functions defined below in eq. (12).
A2ik,co) = «  ,
B2ik,(0) = «  c] „ ,
G ,  ( i , ( o )  = «  / j »  a , ,
H, (k,(o) = «  f l ^^; f l ^  »  „ .  (12)
The coupled equations are solved to find out the Green's 
functions defined in eq. (12) (dropping the functional 
dependences i.e. (k,co) for simplicity).
Ay  — ■
An
{ a ) - A ) { a r - e } ) - F { o ) - h /2 )
\Ddo»\
(co + A)(co^~ £ ^ )~ y  (u> h i 2)
(13)
where
where only intra sub-lattice pairing is assumed and A is 
the wave vector independent .y-wave superconducting or­
der parameter. It may be noted that the total Hamiltonian 
of the system is a mean field one and hence can be solved 
exactly either by appropriate diagonalization using the 
Bogoliubov ttansfonnation or by writing the equations of 
motion for the single particle Greens function [16]. The 
later procedure has been followed to solve for the Greens 
functions and to calculate the appropriate single particle 
correlation functions which in turn determines the order 
parameters corresponding to the APM and SC long range 
orders.
|£),.2(m)| = (m^-£:*^)(a>^- ? r )
- 2 V ^ { ( O ^ ^ ^ I 2  + E o(k)ei}  + V* 
-  Ct)^  -  Ro)^ + *5^1,2 (14)
with
R = E l e
:r2 2 K2,
Sui = E l e } ± A h V ^  -2 € tE o (k )y ^  +
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E l
E l(k )  + hVA.
- f  A \
(15)
Ai 2,-ki
Vf^  being the strength of the attractive interaction between 
the two electrons mediated by the phonons. We have a 
limitation on the /r-sum owing to the restriction that the 
attractive interaction is only effective with energy 
1 -  6 2^! (Oi). Here, the attractive interactions between
two carriers are e\ and 6^ 2 to form the Cooper pairs and 
(Od is the Debye frequency. Further, we adopt the follow­
ing simplified form for the interaction potential Vi^  in the 
ordinary isotropic weak coupling limit. Here ~ Fo,
if I e i -  < coo, V^ . = 0, otherwise. In this approximation
we assume that the gap parameter is independent of t  
The superconductivity in UPd2Al3 is believed to be aniso­
tropic and unconventional. However, we can observe some 
important features of interplay of SC and AFM from this 
simplified eq. (16). The final expression for superconduct­
ing energy gap is
4 J-w/,-W/
where
Ft, = K, tan/rOaaJi/2).
1^1 ^-^21 ■ -^ 31 
2 2 2 2 (Dx -(O2 OJ^-COi (17)
(18)
---------------------------------^
ft),
^  2 A ( ( o \ - ^ ) - h V ^
2 A ((O j-§ f)  + hV^ _
K^ =
2 A (o jl-g } )  + h V ‘
(19)
The poles of the Green's functions given in eqs. (13) give 
eight quasi-particle energy bands ±(o, (/ ~ 1 to 4).
5. Expressions for SC and AFM gaps
We have used here a phonon mediated B.C.S. type of 
Cooper pairing between conduction electrons. The expres­
sion for energy gap parameter (A) for intra-sublattice pair­
ing can be calculated from the Green functions Ai^k^co) 
and B2(k,co) given in eq. (12) respectively. The super­
conducting gap is defined as
with / -  1-4, N(0) is the density of states of the conduc­
tion band at the Fermi level. We replace by /N (0) d€k 
with integration limit form -coo to We have introduce 
the staggered magnetic field on uranium sites to break the 
spin symmetry in the /-electrons. The AFM order param­
eter h in /electrons is defined as
h = - ^ g L ^ ^ B flk,of\.k.o >
 ^ A,(T
(20)
where gi and jub are Lande g-factor and Bohr magnetron 
respectively. The correlation functions < t  -A a T ^
< i  I > are calculated from the Green functions 
E\{k,cd) and F\(k,cd). Similarly the correlation functions
<  ^/ j   ^ ^ ^  ^ calculated from
the Green functions G\{k,aS) and H\(k,cd). The final expres­
sion for the staggered magnetic field is given by
P^Wf2
4 J-W12 2 2 (Ol -(O2 2 2 OJy -W 4
where
E , i  -  E i  \znh{fkoJ2)\
^  h { a j^ -E l) - lA V ^  
* 1 ---------------------------
„ h { ( o l - E l ) - 2 A V ‘
i i j ---------------------------
0)^
(21)
(22)
_ h { u ) l-E l)  + 2AV^£3 = -----=-------------------
0)3
^  h ( 0 ) i - E i)  + 2AV^---------------------------
(O4 (23)
with / = 1-4. W is the band width of the /electron  and g2
^ giMaNfiO). The ] ^ “^ / / ^ ( 0 )  d^k  where N f ( 0)  is the 
k
density of states of the /electron  band near the Ferfni 
level. The eqs. (17) and (21) form a coupled set o f equa­
tions for the two order parameters A(7) and h(T) which are 
to be determind self consistently to study their temperature
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dependence and mutual interplay. All the quantities enter­
ing in eqs. (17) and (21) are made dimensionless by 
dividing them by Debye energy co .^ Thus, the dimension­
less order parameters are defined as AiT)lo)u^ z and hlcoo 
= h, the variables as ^  x, kuTfcoo = r, V/cup -  V, The
dimensionless coupling constants are M 0)Fo ^  g  ^ and
= g2.
6. Results and discussion
The interplay o f superconductivity (SC) and antiferromag-^ 
netism (AFM) in the heavy fermion (HF) systems UM2AI1 
can be studied by varying different model parameters o f 
the electronic sub-system. These parameters are the SG 
gap 2, AFM gap h, SC coupling constant ^ 1, AFM cou^ 
pling constant g2» the hybridization parameter (v) betweett 
the conduction and /-electrons, temperature /. The position 
of /e lectron energy level assumed to lie on the fermi level 
e r  under the half filling band situation.
The temperature variation of SC gap 2, AFM gap 
are shown in Figure I before interplay. They are calculated 
numerically and self-consislently with an accuracy of 10 
The SC plot gives a SC gap 2 (/ -  0) = 0.0077 and 
transition temperature /, = 0.0025 corresponding to univer­
sal constant AiOyksT ~ 3.08 as against BCS value 1.76. 
The corresponding SC coupling constant g] -  0.09916. 
Similarly the AFM plot gives a N^el temperature /yv = 
0.0014 corresponding to an AFM coupling g2 -  0.18822. 
These parameters are fixed for > /yv befor interplay 
between SC and AFM.
When these two order parameters interplay the self- 
consistent plot is show in Figure 2. As compared to their 
values before interplay it is observed that the SC transi­
tion temperature t, is suppressed considerably by AFM to 
nearly one-third ot its value. The SC gap also suppressed 
considerably to nearly one-third of its value giving rise to
Fij*ure 2. Self consistcnl plots of z w t and h vs t with fixed values of v 
-  0 02, -  0.09<^16 and - 0 18822
Figure ]. Individual plots of z vs / for A * 0, V « 0.02, gi -  0.09916 and 
plot of A V5 / for 2 * 0, V == 0.02 and g2 “  0.18822.
0.02 and =■ 0 09916 for different values of 0.18622, 0.19222, 
0.19822, 0 20022 and 0.20422.
the BCS universal value A{0)lkffT » 2.94. But the AFM 
Neel temperature fyv is enhanced to double its value by 
superconductivity. The AFM staggered field h{T -  0) is 
suppressed a little from A(0) = 0.0094 to 0.0075. Again the 
tc and tf^  values are nearly in confonnity with experimental 
observation : i.e. t^ > tc. The experiment gives ^  4.5 K 
and = I K for UNijA^ system [2], and = 14.5 K and 
Tc = 2K for UPdzAh [3]. Neutron scattering experiments 
[7,8] shows that the observed magnetic peak intensities 
increase continiuously from the N6el temperature Tu down
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to Tc, Below TV, the magnetic peak intensities turn to 
decrease with decreasing the sample temperature. They 
confirmed that the suppression of the magnetic intensities 
is due to superconductivity. This behaviour can be under­
stood in terms of the coupling between magnetic and 
superconducting order parameter as given in the present 
model. It is conclude that the coupling of the magnetic 
and superconducting order parameters would be a char­
acteristic feature in the heavy fcmiion superconductors.
The effect of the AFM coupling g2 on the SC gap (see 
lower panel) and the AFM gap (see upper panel) is shown 
in Figure 3. It unambiguously displays the strong correla­
tion between the superconductivity and anti ferromagnetism. 
The increase o f the AFM coupling gi enhances the SC 
order parameter (lower panel) throughout the temperature 
range and the SC transition temperature (from tc = 0.00085 
to 0.0035 lower panel). It is interesting to note that the 
increase o f from 0.18622 to 0.20422 reduces the BCS 
universal constant from ^d(0)/A:^r = 2.94 to a value of 
« 2.08 indicating a considerable superssion the SC gap at 
low temperature where the AFM order (see upper panel) 
is stronger than the SC gap. The effect of the AFM 
coupling gi on its own staggered field is still more inte­
resting. It is well known that the AFM coupling g2 should 
enhance the magnitude of the staggered field h as well as 
the N6el temperature ts* However the interplay between 
the SC and AFM exhibits some anomalies in the staggered 
field h (upper panel) when the AFM coupling gz increases 
gradually. For lower values o f the AFM coupling (gz < 
0.19222), the N6el temperature remains unaltered indicating 
its sharpness and robustness. However the staggered field 
strength h increases at low temperatures with increase of 
the AFM coupling (which is commonly anticipated). In 
this low temperature range (t <0.0015), both the order 
parameters z and h are enhanced with increase of the 
AFM coupling gz even though suppression in the low 
temperature range is obvious in both the order parameters
due to their mutual interaction. In conclusion, we can say 
that present model can explain the strong coupling be­
tween the magnetism and superconductivity.
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